Starting from the first Hardy-Littlewood conjecture some topics will be covered: an empirical approach to the distribution of the twin primes in classes mod(10) and a simplified proof of the Bruns theorem .
Introduction
The twin prime conjecture also known as Polignacs conjecture is one of the oldest and best-known unsolved problems in number theory and in all of mathematics: it states that for every positive even natural number k, there are infinitely many consecutive prime pairs p and p ′ such that p ′ − p = k. The case k = 2 is the twin prime conjecture.
Even if the conjecture has not been proved, in spite of many challenges, most mathematicians believe it is true. this day.
What we know for sure, from empirical analysis, is that as numbers get larger, twin primes become increasingly rare.
A second twin prime conjecture, called the strong twin prime conjecture or firstHardy-Littlewood conjecture (1923) [3] , states that the number π2(n) of twin primes less than or equal tonis asymptotically equal to 1 :
whereC2is the so-calledtwin primes constant [5] .
Even if both conjectures have not been proved, models for the primes, based on some statistical distribution, can provide the asymptotic value of various statistics about the primes: the "naive"Cramér random model (1936) which models the setof prime numbers by a random set, is too simplified to give accurate results, but tends to give predictions of the right order of magnitude [13, 14] .
The starting point of the model is that for every natural numbernat random inx, x + εx, for any fixedε > 0 and largex , the probability that it will be prime is about 1
and each natural numberhas an independent probability 2 of lying inthe model set of the primes. This leads to a conjecture of the form:
and in particular that there are infinitely many twin primes.
It is worth noting that in 1996 Ribenboim proved that:
whereΠ2is thetwin primes constantandcis another constant, that according to Hardy-Littlewood conjecture is 2 and that in 1999 has been reduced to 6.8325 [4] down from previous values [15] .
2 Hardy-Littlewood conjecture: an asymptotic distribution of twin primes
The distribution of pairs of primes has been studied with the Chi-square χ 2 statistic approach [2] , in order to compare experimental data to the 1 Notation. The use of the asymptotic notations O, o, ∼ iss standard, as well as the symbol ≈ used to denote rough, conjectural or heuristic approximations.
2 but its quite obvious that 'p is prime' and 'p + 2 is prime' are not independent events, because p+2is automatically odd and more likely to be prime expected values. On the basis of this analysis, it has been possible to verify the hypothesis that twin primes thin out in classes with the same cardinality. And similar results for the classes X2(2, 7) and X3(2, 9). It may be clearly seen that the three classes converge toward the same value: 33.3% and the Chi-square χ 2 statistic approach justifies a random distribution of the twin primes in the three classes.
Hence it may be conjectured, under empirical evidence, as follows:
In other words 4 the asymptotic distribution of pairs of twin primes (pi, pi + 2) in the three classes Xi(2, m), m = pimod(10), m = 1, 7, 9 may be described as statistically random 5 : no strong empirical evidence appears to the contrary.
The fact that twin primes behave more randomly than primes, is also supported by the works by Kelly and Pilling [8] , [9] pointing out that the occurrences of twin primes in any sequence of primes are like fixed probability random events. 
hoping that the sum would be infinite and thus giving a solution to the twin primes conjecture. Instead what he proved in 1919, by means of a specific sieve, is that the sum of reciprocals of the twin primes converges to a finite value [6] .
p, p+2 primes
If the series had diverged, it would have indicated that there are an infinite number of twin primes but the proof that it converges does not provide more information about Polignacs conjecture. The original proof of the convergence was based on the Bruns simple pure sieve (principle of Inclusion-Exclusion) but it is possible to provide a simplified demonstration starting from the Hardy-Littlewood conjecture. Proof
First of all its easy to observe that:
In fact, let:
and
Unfortunately, the asymptotical equivalence doesnt provide any information about the behavior of the ratio:
In order to bound the integral with a degree of approximation, in the set [2, +∞[ we proceed as follows:
with
The asymptotic expansion (Poincare expansion) of li(n) for x → ∞ gives:
i.e.
Hence assuming Eq.??:
The series is not convergent and it is reasonable an approximation where the series is truncated at a finite number of terms with an error roughly of the same size as the next term.
In fact the problem associated to divergence is that for a fixed ε, the error in a divergent series will reach to an ε-dependent minimum, but as more terms are added the error then increases without bound and tends to infinity.
Since for every n ∈ N, n ≥ 10 12 we have:
Hence we can write for every n ∈ N, n ≥ 10 12 i.e. in the set [n, +∞[
Hence if we assume the Hardy-Littlewood conjecture we can say it exists a numbern ∈ N such that for every n ≥n:
It is worth noting that the ratio
has been studied by many authors under the general condition:
Recentely Jie Wu [16] proved that for sufficient large n:
Now lets consider the sum in Eq.7
the convergence of Eq.7 is equivalent to the convergence of p, p+2 primes
there are two possibilities: a) Twin primes are finite in number (in this case the sum of the series is finite and the convergence is proved) b) Twin primes are not finite in number, in this case:
Let r be the r th twin prime 7 :
, since qr > r + 1, ∀r ∈ N (29)
And:
For the comparison test also the series p, p+2 primes
converges.
4 Calculation of the integral 2C 2 n 2 dx (ln ln(x)) 2 using MonteCarlo approach Monte Carlo (MC) and Quasi-Monte Carlo (QMC) methods are widely used in numerical analysis, especially in physics and finance. Consider an integral of the form:
Where Ω is the domain of integration and f (x) a bounded real function.
Most direct quadrature methods are based on the Riemann definition of an integral (a finite sum of ordered 'areas' under the curve y = f (x)): MC and QMC methods are explained by Lebesgue integration: the finite sum do not depend on the order, it is enough that the function can be somehow 'measured '.
By the strong law of large numbers, if U is a uniformly distributed random variable on Ω then the average of the sum of f (Ui) i ∈ [1, N ] converges to I almost surely when n tends to infinity, i.e.:
Hence, while conventional numerical methods calculate the integrand at regularly spaced points, MC method samples the integrand at random points Ui, i ∈ [1, N ] (N is the number of samples).
The critical issue with this points, is that they may not be equally distributed in the domain and this leads to the need to increase the number of samples, and consequently the run-times.
This problem can be solved with QMC methods, making use of quasirandom numbers that are more well-distributed [11] . Although quasirandom numbers come from a deterministic algorithm, they pass a statistical test of randomness.
Among these methods those which make use of low discrepancy sequences (LDS) [12] are based on the property of lack of apparent pattern in the distance 8 between couples of primes and for this reason conforming a set of quasi-random numbers.
It has been explored the application of MC and QMC methods to the Hardy-Littlewood integral calculation: 
Since the convergence rate of Monte Carlo method is close
, the error rate decreases as the value of N increases (i.e. as a function π2(n) increases) as described in literature.
In the following example, the convergence is not proved due to the low number of points N considered in the calculation (n = 10 11 , N = 17548) but it can be seen the advantage of using LDS due to a faster rate of convergence.
Finally, the following table (Table 2) provides the results of Monte Carlo method with n = 10 11 , N = 17548
CONCLUSIONS
In spite of many challenges and improvements due to numerical analysis, twin primes are still an unsolved problem in number theory: the first Hardy-Littlewood conjecture can be described as a milestone in this field.
This paper has proposed an empirical analysis of the twin primes distribution that leads to write the conjecture in terms of classes mod (10) marked by the same cardinality, according to a statistically random system. 9 It is worth notice that a compensating constant a × 7.39 has been used, depending on the limits of integration, the minimal and maximal values of the set of samples, and the dimensions of the integrand [12] 10 and it is rather slow: quadrupling the number of sampled points it will halve the error Finally it has been explored a less conventional method of calculation of the Hardy-Littlewood integral based on Monte Carlo and LDS approach. The result of the calculation with a sufficient number of samples is compelling and provides (for any given n larger than n = 10 6 say) a small relative error, for the MC case. 
